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ABSTRACT 
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"REAL WORLD," ITS APPLICATIONS, AND OTHER AREAS OF THE CURRICULUM. 
THIS UNIT ATTEMPTS TO GENERALIZE A CONCEPT OF NUMBER FROM THE 
PHYSICAL WORLD. THEN BY CONSIDERING CERTAIN FINITE PHYSICAL 
SITUATIONS INVOLVING EEL ATIC NS BETWEEN SETS, A WAY IS FOUND TO 
AESTRACI EROM THESE SITUATIONS A NEW CONCEPT AEOUT NUMBERS,, THIS 
LEADS ULTIMATELY TO A DEFINITION OF THE RATIONALS. OPERATIONS ON THE 
RATIO N ALS ARE DEFINED FROM GENERALIZATIONS FROM FINITE PHYSICAL WORLD 



SITUATIONS., THE SIX PARTS 
CORRESPONDENCE AND RATIOS, 
RATIOS FROM OLD, (4) FROM 
SPECIAL RATIONAL NUMEERS, 



OF THIS UNIT ARE (1) ONE-TO-ONE 
(2) SUBSET AND MEASUREMENT RATIOS, (3) NEW 
RATIOS TO RATIONAL NUMBERS, (5) SOME 
AND (6) APPLICATIONS., (RP) 
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Unit 1. One-to-One Correspondence and Ratios 



U.S. DEPARTMENT Of HEALTH, EOUCATION & WELFARE 
OFFICE Of EDUCATION 



1.0 Introduction 



THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED fROM THE 
PERSON OR ORGANIZATION ORIGINATING IT. POINTS Of VIEW OR OPINIONS 
STATED DO NOT NECESSARILY ^PRESENT OFFICIAL OffICE Of EDUCATION 
POSITION OR POLICY. 

We live and work in the physical world. In this wor .d we see 'and touch 
T.any GifotXnr p hyoiccl situations. One of our mental capcdtiej la for generaliza- 
tion. Repeatedly seeing similar situations, we are led to generalize the common 
features of those situations. In fact, it is only through such generalization that* 
we can work efficiently in a complex environment. For example, we learn through 
repeated experience that the light switch is close to the door w the wall. We 
generalize: when entering a dark room, search the wall with ou;, hand to find the 

switch. In our language most: descriptive adjectives arc the result of generaliza- 
tion. We tend to symbolize our classifications with words. 

In these units vie will attempt to generalize a concej t of number out 
of the physical world • 8J nee number is an abstraction, w^ r^ly it an a 
concept because we have been able to generalize. By considering certain finite 
physical situations involving relations between sets, we will begin to see a way 
to abstract from these situations a new concept about number. f j lis will lead us 
to define a new set of numbers, the rational numbers, which is e.i infinite set of 
abstract objects. We will define operations on these numbers witch again are 
generalizations from our finite physical world situations. 



1.1 One~to~One Correspondences 

In elementary mathematics we have the repeated experience of sets 
defined by having a common property; such as, the set of even numbers, the set 
of prime numbers, the set of all numerals having the digit K 3." Some pairs of 
sets have as a common property that they can be matched with eac.; other; that is, 
there are as many in one set as in another. We generalize * his property and say, 
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"These sets have the same (cardinal) number. 11 Fcr exam] >le , t] 2 sc sets all have 
the number 3: 



+ 

1 , 



i 

to 

t* 

il 



+ 

i 

0 

i 

a 

1 

2 



4 

4 , 

0 } 

t] 

3 i 



Without a simple means of expressing this common property of "ns many as” we 
would never have been able to assimilate the many physical sit i at ions facing us 
every day. Arithmetic as we know it today has grown out cf su;h symbolization. 
However, we frequently lose sight of the original situations which gave rise to 
the symbols. Whenever we seek to understand a new symbclism, for example, a "new" 

t 

number, we should always look for the "origin" of the symbols. We should return 
to the physical situations which eventually generalized into t e new number. We 
(tfiil cio just that in these units. We will begin with one-to-o' .e correspondences 
and eventually develop the rational numbers. 

(It is strongly suggested that you have pencil and . u per at hand and 
that you use them to complete the diagrams of these units and vo make original 
diagrams for the problems that follow. Through such "active" participation you 
will become much better acquainted with the ideas of there units.) 

Suppose a person puts on a coat and buttons it up. He expects that 
for over^ button there will be a buttonhole and for every butte nhole there will 
be a button. He will know if he failed to button the coat proj erly because 
there will be a button and a buttonhole left over. He expects to find a one-to-one 
correspondence between the set of buttons and the set of butt or loles . One button 
for every buttonhole and one buttonhole for every button: 



<S> <5> 
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Many such simple one-tc-one correspondences exist in the physical world: shoes 

for feet, tires for the wheels of a car, gloves for hands. In terms of whole 

numbers we know that this is how we count finite sets, 

< . . .... «. t 7 
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We say "There are twenty objects in the set. n In order to have a definiti on we 
say that there is a one-to-ono correspondence from Set A to Set E, whenever every 
clement in A is paired with exactly one element of 13 and evsry element in B 
is the mate of exactly one element of A. 

Exercise s 

1) VMch pairs of the following sets can be put in onc«1 o-one correspondence? 

(Use your pencil and paper if necessary) 

A * $a, b, cj B 13 {l, 2, 3, 4 ] C R [boy, cow, h >rse^ 

D c x, VI E **{w, x, y, zf F y 9 x, wl G « [ 3 , 2, 1^ 

2) If we have A 1:5 (l, 2. 8$ and B 83 ^6, 7, 8^ , can we have mo -e than one one-to-one 

correspondence from A to B? • 

»? 



ll, 2, 3^ 


ll, 2, 3$ 


(i, , 


i i i 
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i6. 7, 8^ 
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Complete the last two diagrams; how many different ono-to-o; .e correspondences 
can be made? 

3) Pick out the one-to-one correspondences from the following » iagrams : 
a) [l, 2, 3^ b) [ a, b, c\ 

< V< 



U, 2, 3, 4, 5j 
c) 1.1, 2, 

A \ V. 

U, 5, 6, 7, 8\ 



L+, *-» x] 
d) l7, 3, 9, lA 

AV 4 

(a, 0 , c, d\ 
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1.2 



lances Between Partitioned Sets 



Suppose Bill and Chuck share a box of apples, and that Bill receives 
two apples for every three apples Chuck receives. We really s iparstod Bill’s 
apples into groups of two each and Chuck’s apples into groups f three each. 
Whenever we divide a sot into groups in this way, we say we ha e partitioned 
the sat. We really now have a new set, that is, we have Bill’. 1 , apples grouped 



by twos 



Bill’s Partitioned Set: 



e>. ©• & 

Ill 1 



Chuck’s Partitioned Set: j (6jTd) , ((To^) (oT^), . . 

Since we know that Bill received two for every three that Chuck received, 
we know we have a one-to-one correspondence between the partitioned sets. That 
is, a one-to-one correspondence between the groupe d sets of ap, les. There are 
two important things we should notice here. First we rk» not /—'v-j or-ict 1 y 
many apples each boy has. Second, we do know th&». the boys do not have the sam e? 
number of apples; that is, there is not a one-to-one corrospom ence between 
Bill’s and Chuck’s apples that pairs single apples.. We know oily that there is 
a correspondence from Bill’s apples grouped by two’s to Chuck’ t. apples grouped 
b three’s. We know there is a one-to-one correspondence betw; on the partitioned 
sets. In order to conveniently name this correspondence ao thit we knew the 
number of obj ects in each group of the partitioned sets, we sa that their 
correspondence is a 2 to 3 correspondence. Since all of the correspondences we '* 

will consider are one-to-one, we will drop the phrase "one *to~i no” as we did in 
the previous sentence. 

Again, we look at another situation. Suppose we ha* e set X partitioned 
into gr.'-tpp of four caO and set Y partitioned i*.w b r vll p^ o. ukce uauu. 

If there is one group of four in X for every group of three in Y and for 
every group of three in Y there is one group of four in X, then we have a 
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correspondence between the partitioned sets: 

x ( cHPo o) (ojTO) (cTo 03: 
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Y » 1( j5~~o~cQ c ^TcTa ) ( p~o~S y . . . rtr~o~g >lr 

We say we have a 4 to 3 correspondence from - X to Y. Notice that the arrows 

point to the groups of three objects each* the second number i 1 the named correspondence. 

Suppose Jim has eighteen marbles and Mary has twelv 3 marbles. Then 
we have no correspondence between the single elements in the s its . Can we 
partition Jim’s marbles into equal groups? We can group them >y two’s (mark 
these groups on the diagram); 

Jim’s Marbles: ( 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 )} 

Can we partition Jim’s marbles differently; into groups of thne? Any others? 

Make a different partition in each diagram. 

io 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

fo 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 •)] 
fo 00 O ' 000000000000 0 0 ] 

[00000000000000 000 0 } 

You will notice that for each diagram the number of groups times the number in 
each group is, of course, eighteen. We have six groins of thmo p?oh in 
partition. Can we partition Mary’s marbles into six equal groi ps; yes, six groups 
of two each. Then Jim and Mary both have six groups of marbler: 

^£?i> & & & <& 

Mary : to <B> O O • O & 

so we have a 3 to 2 correspondence from Jim’s to Mary’s marbler* Draw in the 

arrows in the proper direction. Can we have any other correspondences? We also 
partitioned Jim’s marbles into nine groups, 3 groups, two groups, and one group. 

Can we partition Mary’s marbles into nine, three, two* or one equal groups? Yes, 



"6- 



we can have three groups of four each, two groups of six each 



and one group of 



twelve each. So we can make these correspondences: 



J: \(Q 0 0 0 0 5) 

. J 

M: 





J: [o 0000000000000000 0> 

M: $0 0000000000 o} 



6 to 4 



9 to 6 



i 

18 to 12 

M: [ ^ 

(Complete the last two diagrams by grouping and drawing the airows.) 

So we see we have, in fact, four correspondences be i;ween different 
partitions of Jim’s and Mary’s marbles. We have this sot of correspondences: 
is to 2, 6 to 4, 9 to 6, 18 to 12^ . 

Exercises 

1) Alice has 12 hair ribbons and Susan has 6 hair ribbons. Kamo the correspondences 
that can be made from partitions of Alice’s ribbons to pai txtions of Susan’s 
ribbons. (Fill in the diagrams): 




A: £o 0000000000 0^ 

S: \ 0 0 0 0 0 0 \ 



A: 

S: 
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Suppose A is a set of 5 red cubes and B is a set of 
all the correspondences from A to B. 

Suppose 6 is a set of 24 goldfish and B is a sot of 



diagrams to show some correspond cnees from parfcitin . r.r 



C blue cubes. Name 



18 birds . Draw 

~ to partitions of 



B. How many correspondences are there? 

G: ioooooooooooooooooooooooo) 

to « 

Q: \ 0 0 000000000000000 0 \ 

4) Suppose we know that there is a 3 to 4 correspondence fron John's blocks to 

Mary’s blocks. What does this mean? How many blocks must John have? If 
John, in fact, has 12 blocks, Mary must have blocl .?■. What other 

correspondence could be made in this case? j 

5) Suppose, again, there is a 3 to 4 <. orrespondence from A to B. Suppose 
A has exactly 5 less blocks than B. How many doer, each have? Draw a 

diagram. 

6) Suppose Judy has red blocks and green blocks; if we know there is a 1 to 3 
correspondence from red blocks to green blocks and that 1:1 ero are 24 blocks 
altogether, how many does 3he have of each color ^ 



1.3 Ratio and Inverse Ratio 

Given any two finite sets A and B, if we can pm tit ion A and B 
into the same number of e^uol groups, v?e can make a corresponc ence from A to 
B. In the previous section we saw that if A had 18 element?’ and B had 12 
elements, we could make four correspondences between different partitions. 

This set of correspondences from A to B, ^18 to 12, 9 to 6 o to 4, 3 to 
we will define to be the ratio of A to B. We can name the ratio by using any 
of the correspondence names. So we say, the ratio of A to B is 6 to 4 or the 



ratio of A to B is 3 to 2. 
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Look back at Problem 1 of the last exercise set. Wc can, again, have 
four different correspondences. So the ratio of Alice’s rlbbor. 3 to Susan’s ribbons 
is the set [l2 to 6, 6 to 3, 2 to 1, 4 to 2y We can say the iatio is 2 to 1, 

for example. 

Exercise r Write down the ratio in Problems #2, 3, 4, 5, 6 of Exercise 1.2, 
Suppose ws have that A1 has $12 and Sara has 8 quartc :s. Then we can 

have this correspondence: 

A: ? ($T'D (03 03 



to 



* 



2 to 3 






S: 5(0) ($J) <0 <Q>* 

Put we could just as well have the correspondence from Sam’s quarters to A1 s 
dollars. That is, 

) fTj) 03 

t t 

Sara: iC|) 'O €3 

This correspondence we call the inverse, ep^e^o^dence. That ih the 2 to 3 

correspondence is the inverse of the 3 to 2 correspondence. (X)te: We can obtain 

a diagram for an inverse correspondence by reversing the arrows.) 'Hie ratio of 
Al’s dollars to Sam’s cents is 5 12 to 8, 6 to 4, 3 to 2^. Ihe f-nyerse ratio^ would 
be, of course, \s to 12, 4 to 6, 2 to z) . So if we know that die ratio of A 
to B is, say, 5 to 6, then the inverse ratio would be the rat o of B to A 

and is named 6 to 5. 

It is important to notice that if the ratio of C t .• 0 rs 3 ro 

then we knov; that there is a 3 to 4 correspondence from C to D. We do not have 
any other information about C and B than this.' However, if we are told that 
the ratio of E to F is 6 to 10, then we know that there is 6 to 10 
correspondence and also, at least, a 3 to 5 correspondence. This is easily shown 

by the following diagram: 




■9 



w 




Exercises 



1) Suppose the ratio of boys to girls in a room is 4 to 3. -f 4 more girls 

enter the room*) the ratio becomes 1 to !-• How it any gi 'Is «ire in the room 
originally? How many boys originally? Draw a diagram to show the 4 to 3 
correspondence. What other correspondence could be made? List the elements 



2 ) 



of the ratio of boys to girls* 

From Exercise 1, the inverse ratio of girls to boys is _ 

the elomonts in Via inverse ratio. Show the *~v-rr ; 'W 



to • List 

( M * *m *r ** * * *** i tMii XMW 

nondo vices by draw' 



ir«’« new arrows on your old diagram of Exercise 1» 



3) Suppose Kathy has some red blocks and some black blocks aid the ratio of red 
to black is 1 to 3. Suppose she has 36 blocks altogether. How many of 
each color does she have? Name the possible correspondences > that is* list 
the elements in the ratio of red to black. 

4) From Problem £, suppose the ratio of Mike’s marbles to Ka:hy’s blocks (all 
of them) is 1 to 2. Draw a diagram for this I Name a correspondence from 
Mike’s marbles to Kathy’s black blocks. Name a correspondence from Kathy s 
red blocks to Mike’s marbles. 



5) 



Can you go back and reason through these same questions a d 



‘ use numbers 



greater than 4? (It is possible!) 



1.4 N ew Names for Correspondence 

We have been naming the correspondence from A to B by a name such 
as 3 to 2 where we could draw the diagram: 
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V/e will now begin to use the name *|* or J7 2 as a name for this correspondence. 

We call the symbol a fraction * The number named on cop of a fraction is the 
numerator and the number named on the bottom is the det toinij ^t cn « Notice thac the 
arrow will always point to the group with “die same number of elements as the 
denominator of the fraction. In the case above, the arrows point to groups of 
2 and the fraction is |. The inverse correspondence above would have reversed 
arrows and would be named | with the arrows pointing to groups of 3. 

Suppose we have the ratio of C to D is 3 to 4, then the ratio 
may be the set £.3/4, 6/S, 12/16$ . The inverse ratio would be 4 to 3 and the 
ratio would he the set: $4/3, 8/6, 16/12*1 . The use of the fraction notation, 3/4, 
to name the correspondence makes the succeeding units easier to follow. Among 
the correspondence names there will always he one with the small lest numerator and 
denominator. For example, above we have $3/4, 6/8, 12/161 . bote that o/4 
has the smallest numerator and denominator. We will call 3/4 the simple 
We will call the corresponding ratio name 3 to 4 the simple ratijo name* Ordinarily 
we will always use the simple ratio names. Notice that the simple correspondence 
will pair the smallest possible sets of all the correspondences. 

We have seen above that given two finite sets there Is ac least one 
correspondence between them. We also agreed to call the set o 1 all such correspondences 
the ratio of the two sets. Now suppose we know only, given /» and B, that die 
ratio of A to B is X to Y. Then we knew only that there o correspondence 
from A to B of X/Y. Probably there are other correspondent- 33 but we cannot 
be sure without more information. For example, if we are told that the ratio of 
0 to I> is 3 to 5 we know only there is the correspondence c'5 from C to 
I). If, however, we are told that the ratio of M to N is 12 to 18, then we 
know that (at least) we can make the correspondences 12/18, 6/9 , 2/8, and 4/6 
from M to N. (Why?) 



11 ’ 



In the units that follow we will be careful to use only those 
correspondences , and hence only those ratio names , which are < ons latent with the 
information given 5 unless special mention is made to the cont ary. 



Exercises 

1) Henry says that a correspondence from A to B is 24/20- Name some other 
correspondences. What is the simple ratio name for A to B? What is the 
ratio from B to A? List, using fraction names, some oC the known 
correspondences from B to A. 

2) John has 36 hens . 12 of them are brown and the rest are white . Name three 

ratios present in this situation and illustrate with some correspondences. 
(Use simple correspondences). 



3 ) Mortimer receives 50* for every lawn he mow* \ v 






r'-T-j ~ f 



is selling goldfish at the rate of 3 for 25$. He would like 15 goldfish. 
Consider the ratios present in this situation. Draw the same conclusion as 
Mortimer. Make a diagram to illustrate this situation. (You are dealing with 
three sets : lams, quarters, and goldfish. Study the correspondences 



carefully. ) 
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Unit 2. Subset and Measurement Ratios 



2 . 0 Part to Whole Ratios 

If we have a basket of apples and we remove some of them, then we can 
make a correspondence between the amount taken and the original total that was 
in the basket. Suppose for every group of three apples in the basket we take 
one out. Then we have taken 1 of every 3 apples and the ratio of the part 

taken to the total is 1 to 3 and my correspondence is 1/S. Crmmonly, we say 

* 

we have taken one-third of the apples and we use "1/3" r° a m for the amount 
taken. Since we understand that we always are making a u or res;. ondencc of the part 
to the whole, we can avoid confusion in this case by saying we have taken 1/3 
(read "one third") of the apples. Again if we say, "We h.r.va 3/5 of the box," we 
mean that a correspondence of 3/5 can be made from the part taken to the box of 
candy. 

If we alwyas take a part of each group away, then wr. will always have 
the numerator of the correspondence name less than the daiomlirfcor. That is, the 
number of objects in each group in the "part" will always be lc-33 than the number 
of objects in each group in the "whole." 



Part Taken: \ CB> <£> 

i l 










1 

3 



Whole : 

Suppose we are told, "Take two-thirds of these narbtes." We are to take 
a part of the marbles which mates a 2/3 correspondence with the whole of the 
marbles. So the ratio we have from part to whole is 2 to 3. be can also see 
mat the ratio of the part taken to the part remaining is 2 to 1 and the ratio of 
the part remaining to the total is 1 to 3. That is, we leave 1/3 of the marbles. 



Let's consider another example. Suppose Mrs- Smith has a box of stamps 
and she divides the stamps among Jack, Jane, and John. For ev-ry 6 stamps 
she gives 1 to Jack, 2 to Jane, and 3 to John. Whiv: arc the various 
correspondences that have been made? John has 3 for every in the box; ho 
has three- sixths (3/6) of them or 1/2 of them. The ratio r ' r *>prt to the 

total is 1 to 6; so he has 1/6 of the stamps. We can rl: o mal e correspondences 
between the children's stamps* A correspondence of John’s to lane's is 3/2, 
so the ratio of John’s to Jane's is 3 to 2. Name the iest of the ratios that 
can be made. 



John’s 

Part 

Total 

Jane's 

r-t 



3 

*6 

2 

6 
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Exercises 

1) Discuss briefly wlnt z;r. n can by "thre: 

2) Given a set of marbles, can we take "four-thirds” of mem? Why? 

3) Mike, Bill, and Bob shared a box of candy. Bill said he get 1 for every 
2 Bob got, but Mike got one-third of the box. Mike said, "I have only 9 
pieces.” What is the ratio of Bill’s part to the box of candy? Via at is the 
ratio of Bob’s part to tie total? How many pieces did Bill receive? (Draw a 
diagram!) 

4) Tim said, "John gave me one-fourth of his part and ho .said he got two-thirds 
of the money.” Explain this in terms of ratios and correspondences. If 
the total money was $36.00, how much did John receive* hos ""oh Bid h'o glre 
to Tirn? 

5) Wha t is the difference between "Mother broke one-fourth of the dozen eggs’ 
and "Mother broke 3 eggs”? 



,t» 
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2.1 Measurement Ratios 






So far we have dealt only with ratios between, sets of distinct objects. 
Now we want to extend our idea of ratio to quantities which arc not composed of 
distinct parts. For example , suppose I have a large can C of water and I want 
to give 8al3.y 1/3 of it. That is, I want to take out of it a part of the water 
which will have the ratio of 1 to 3 to the total amount of water. Suppose I 
have a small can and two other lai*ge containers. T could then put one small 
can of water in one of the large containers (call it A) , and two small cans of 
water I put into the ether large container (call it B) for ever y, 3 cans of water 




If I can repeat this process until can G 13 empty, than 1 would give Sally can A in 
which 1 had been putting one small can of evevy three small cars. I would give 
her 1/3 of the water. Then can B would contain 2/3 of the water. It is important 
to note that without the small can with which to separate the water, I could not 
solve the prefclcuJ I had to use the small can as a unit wf measure in order to 
obtain the required ratio. With the small can as a unit , I changed the problem 
to one of taking so many units (small cans) of m'r^v out of C to n ra;‘ to of 

1 to 3 of par': to whole. A unit is an essential element in dealing with quantities 



of material even for ratio purposes. If the can C held exactly 24 units (small 
cans) of water, then if I remove S of them, then there would be an 8/24 
correspondence from the part to the whole and the ratio o': part to whole would be 
1 to 3. The quantity of 8 units would be 1/3 of the water in can C. 

In the discussion of the last paragraph, we assumed that by using the 
small can as a unit, we could empty the large car with exactly 24 small cans. Now 
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as a matter of practicality we know that this is not likely to happen. We could 
possibly change the small can and obtain an exact number: of sv h "units 11 ' in can C. 
But it is possible not to be able to do so. In fact, if we require the small can 
to have a rectangular bottom, it is not possible to get an exact number of such 
"units" in the round can C. We are faced here with the problc;.. of commensurable 
measure and this problem has p. long history. For the Gre< ks were also unhappy 
with the fact that there can be length or volumes which cannot be expressed 
as the ratio of two whole numbers. The solution of the problem lies in the set 
of irrational numbers to which we will not digress. Perhaps it is best to 
admit the possibility of incommensurable lengths, areas, t r volumes and then to 



pass on in our 



Urea ujs .ton. 



In what follows we will assuu tine the measure will 



always be commensurable. 



Suppose I have two large cans air 1 T t " -1 ** ••rrf'n of the 

capacity of ore to the cnproifty of the other. I '-an toks a mu h smaller can as 
a unit and fill each can. Suppose can D is filled by excctly 15 such units of 
water while the other can E requires only 10 units. Than by means of the smaller 
can as the unit X can make a correspondence from the amcur.t of water in the can D 
to the amount in E of 10/15. Hence the ratio of D tc E is 10 to 15 

or 2 to 3. If can D was marked 6 gallons and can E aarkol 4 gallons, then 

we already know that a standard unit has been used and c correspondence of 6/4 

can be made from D to E. So again the ratio of D to E would be 3 to 

2. In comparing the capacity of the two cans it is not essential to use any 
standard unit, such as one gallon, since the ratio of 2 to '• would be obtained 
no matter what unit was used (provided it was relatively email compared with the 
’tiotaA. e up a v. j. j. vj-j c..iu jl. „ came out uvouj* 



Let's look at one more example. We have several feet of wood molding 
and wish to cut off 1/5 of it (in one piece). We need :ome mit. We choose 







the width of a ruler. By marking off "ruler-width unite" alone the molding 
we discover there are exactly 30 such units in the piece of ■ o>.d. He then 
mark off 6 "ruler width" units from cue end and cut there. Ite have a 6/30 
correspondence from the cut off piece to tie original whole, or the ratio of the 
part to the whole is 1 to 5 (or 6 to 30); i.e., w, nave a 1/5 correspondence 
from part to whole. So we have cut off 1/5 of the molding as required. A 

diagram will help here: 



$ I 4* 

r—'T >*■*■*-* 
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4^ 
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5^ — 














Exercise 

Repeat these examples using water or sand to compare the capacities 
of two large containers using a small soup can as a unit. Obtain 1/7 of the 
length of a large table by using a "ruler width" or similar slued unit. You can 
invent other such exercises which do not involve measuring witu any standard 

units of volume or length. 

2 • 2 Quantity to Unit.. Ratio 

More frequently, of course, we find the ratio of a certain quantity 
to a standard unit, lliat is, we make a correspondence from a partition of the 
quantity to a parti bleu of the stand or u unit. 3.-. r iot,o . wm> -o f-.-J l->e 
length of a piece of string in tome ol string. We might be satisfied to use 
the foot itself as the unit to partition the string. Suppose then the string was 

approximately 3 feet long. 

'ih? 



Unit Y 
String 



— 1 _. 



4 



Min W 1 ^ 
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If we wish to have a no re accurate comparisons wc must take a staler unit, say 
one inch, and use it to find a ratio between the string awl one foot. We know 
that there are 12 inches in one foot. Suppose there ar. S3 :.nchos (approximately) 
in the length of string. Then a 33/12 correspondence ca". >c me'e from the 
length of string to one foot. So the ratio of the length of str.ng to one foot is 
11 to A . S-Jnce we are using one foot as a standard uni : ?e IV quently would 
say that the string is 11/4 f^et long (where, as usual, W2 mem that the 
denominator names the number of units of one foot which correspond to the numerator 



number of units in the length of string.) 



Suppose we have a piece of ribbon that is 

ratio of the length of ribbon to one foot is 5 to 
B 



5/2 feet long; that is, 
2. (Jkxercit es Given a 



the 



length I 1 , how would you lay off a length A 

B of 5 to 2?) We wish to find the measure (in feet) 

Say that 3/5 of the ribbon is P and the wnole ribbon U; 
F. Then we can make a correspondence of 5/2 from 11 to 
of 3/5 from P to 11. 



which had the ratio to 
3/5 of the ribbon. 

R and one foot is- 
F cr.d a correspondence 




So for every 3 in 
correspondence from 



P (via 5 
P to F 



in 



or 



R), we have 2 in F. 
P (the pari: we wanted) 



So wo have a 3/2 



feet long. 



' , t 
c t # 



V . 
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Exorcises 



(Please draw diagrams in these exercises.) 

1) Suppose we require the weight of 2/7 of a pile of sand v;i Lch weighs 14/3 
pounds . (That is, find the weight of the part of the sand which has the ratio 
2 to 7 to the whole pile.) Find the weight in the manner suggested above; 
that is, set up correspondences from the part to the \holo and from the whole 
to one pound.) 

2) The ratio of a small piece of string to one inch is 11 tc 3 (that is, it 
is 11/3 inches long.) We know a large piece of string cc istains exactly 

10 of the small pieces. Find the length of the large piece in inches (find 
the ratio of Jt-j large place to one inch.) Can you f-.nd cue ratio ol* the large 
piece to one foot if the ratio of one inch to one foot is 1 to 12? 

3) A man has 2 daughters and 3 sons and he vrf’V '** f" ~-ly ’*<> ” ’ 

If he has only 300 share n of stock worth $15 for evo.y 4 shares: a) find 

the ratio of the sons’ total of money to the daughter. ’ ; b) how many dollars 
does each daughter collect? c) if the father divided lie estate half to sons 
and half to daughters, find the ratio of what one con receives to one daughter; 
d) how much money would one son receive? 

4) A man cuts off two pieces fro^ a piece of rope 20’ long. One piece has 
the ratio 14 to 3 to one foot and the other has ths ratio 16 to 3 
to one foot. What is the ratio of the part of the rop 2 left to the total 
20* of rope? Set up correspondences for this one. 

5) OPTICAL: If a part of a group of persons in a room :l? described as a half 

of a half of a half, what is the smallest number of ptnplc who could be in the 
room? Trans 1st w ll.Ls projluij into ram. os or corresp m .onmn ano visualise it 
by c rowings. 
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Unit 3 . New Ratios fro m Old 



3.0 Review 

Let us review the discussion of Unit I- Suppo :e set A has 6 objects 
in it and set B has 18 objects in it. We can group the objects in set B by 
threes* forming six groups, each of these groups can be nutcheu with the single 

ob j acts of A : 

A: \ 0 0 0 0 



0 0 0 0 'j \ 

j Jy X X < j 'I ) 

13: CO) CO SB 'i’JLS* CsJW 



1 

3 



That is, we can make a 1/3 correspondence from A to 1* We can also make the 
correspondences 2/6 s 3/9, 6/18 from A to B* We agreed to call the latio of 
A to B the set of correspondences from these partitioned sets of A to B, 
in this case $1/3, 2/6, 3/9, 6/18*) . We say the ratio <::m A to B is 1 to 
3 (the simple ratio name). 

Now if we have a correspondence from G to U of 2/.6 9 we will write 
n C 2/6 . D", where we understand that groups of 2 indi in C are paired with 
groups of 6 each in D. The denominator goes with the arrowhead; that is, 
it tells the number of objects in each group in the dir oc -ion :P the arrow. 

Also C> 5/6 D would mean that there is a 3/6 correspondence from 

< — 

D to C and C is the set grouped by sixes. We recall that there is a o/5 
correspondence from C to D, the inverse of the 5/6 correspondence • 

3 . 1 Finding a New Ratio Given Two Ratios 

Suppose we have this situation: 





? 

m 



•2 



We know that for every group of 2 objects in C there is a group of 4 
objects in A and for every group of 4 objects in A there : s a group of 3 
objects in B. Hence, we logically can say, for every gvo tp of 2 objects in 

C we have a group of 3 objects in B, so we have C S /3 _y F ; i-e. the ratio 

of C to B is 2 to 3. 



Consider this example: 



1/3 




We know that for every 1 object in D there is a group cf 3 objects in E 
and also for every group of 4 objects in F there is e 'roun of 3 o'lyjeet* in 
E. Hence, we conclude that for every 1 object in D there is n group of 4 
objects in F. Perhaps we should think: 




Now it is even more obvious that we have a pairing of singles in B with groups 
of 4 in F (via E). So we have D 1/4 S F and the wJn of B to F is 
1 to 4. 

Exercises 

nmwfi i n nw i- *** ***** 

Find the ,, ? n correspondences in the following diagrams (thfk as in the last example) 
( Remember the arrowhead goes with the denominator). 

B 2 > A 
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4) 




5 ) 



B 




6 ) 




(A mid B have no element 
in common* ) 

Perhaps a closer look. at Problem $5 would be u ilpful* tox every gioup 
of 3 in A there is a group of 2 in B and for ever./ group of 4 in B 
there is a group of 5 in C. Now if B can be group id by fours as well as 
by twos then A can be grouped by sixes as well as by "Irees. (Draw a diagram 
to see this.) So for every group of 6 in A there in j group of 4 in B 



and hence a grcUj,. oi b in C» So v;o hi»ve A 



u / 6 



•V' 



Lei; ns look at #6 also 




s * * 



according to their pairings in C so we have 
Al)B: 

C: {<&?, <232? , 

Hence we have A^JB 3/4 C . 




3/4 



< 3 ? 0 0 ( 



4 



Try these problems P 



draw groups of objects if 



it is helpful. 



(Ka suppose that 



A, B, and C all have different objects in thorn.) 




8 ) 




? 





3 . 2 Some 'Physical Prob lems 

Now we will consider some physical situations Hot involve the same 
kind of reasoning as the exercises above. Suppose in an fuditoxium there are 
3 girls for every 5 v?omen and also 3 girls for every 4 men. Them we have a 



mswers 



i) 

lOli 



7/4 

6/10 



2) VTS 3) 5/2 4l 3/1 

11) 4/2 12) 22/20 13) 7/6 






7) 

Id 1 * 



r • ur * <* 

9/3 

6/5 



s) 2/2 9yr/: 






IN> 



group of 3 girls for every group of 9 adults 03 ? the ratio of gix’ls to adults 



is X to 3. If on the other hand we want to find the ratio' of men to women, 
we clearly have one group of 4 men for every group of l> women;, so the ratio 
of men to women is 4 to 5. We see this by the diagram 



Men 


4/5 


Women 




Adults 




. 4/3 


P/3 


5/3 




Girls 





Those ratios axe "natural” and develop out of the correspondences given in the 
original ratios . Remember? whenever we can make a correspondence between group- 
ings of elements in two finite sots, then we have a ratio established. So the 
building of new ratios is an outgrowth of correspondences and our rules of 
working with them. 

We can now apply the previous ideas to find th? area of a rectangle. 
By the area of the rectangle we will moan the ratio of the rectangle to a given 
square unit, where we may imagine some smaller square unit is used to determine 

Suppose we have a rectangle and wish to find its area ir. equate inches* Then 
first we find how many square inches we have in a column :ne inch wide ; suppose 

••hat is, the ratio of ene column to the unit is 6 to 1 We have: 

* ! 



! * | f « f X * 

• » . ♦ 

t » 1 i ! 

» 9 1 t * * ! j 



' i i t t t ' 1 

; * < 1 ( 1 1 1 



*{•!!!•! 

Kjt ! ! J 1 • 

Hext we considej. how many columns in the rectangle* Suppose we find 10; that 
is, the ratio of the rectangle to one column is 10 to I- Then we see we have 




and thu solution is 60 to 1 or there are 60 square .ruches of area. 

Now suppose V7G have another rectangle and wish ho f i.n l its area, 
find the ratio of one column to one square inch. We have this cUagram: 



We 




That is, we have the ratio of 9 to 2. Suppose the rati: of rectangle to one 
column is 10 to 1. Then we have 



Rectangle 

\ 



90/9 » 10/3 



90/2 



***** Hit *** \***H»M WW.K/iUtwmWMfMW'WWiTJ 



.-iyUnlt 

/ 







9/2 



One Column' 



so the ratio of rectangle to one square inch is 90 to 2 or -65 to 1 so 
we say there are 45 square inches of area in this rectangle . 

Nov; consider the more typical problem. Consider this rectangle : 



TT 


in 


rr 


Ti* 


<♦ 
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TT 
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{•*%•<* Hh' 
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.Li. 


it 
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i « ; 
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We see the ratio of one column to ono square inch is 15 to 2 and the ratio 
of the rectangle to one column is 8 to 3. So that we aa/o 




so that the ratio of the rectangle to one square inch is 20 to 1, or there are 
20 square inches of area. 

In general, if the ratio or the rectangle to oac* coin n is 1 to I, 
and the ratio of one column to one square unit is w to 1, then we have 




so the ratio of the rectangle to one square unit is /w to 1, cr the area is 
J w semare units. No can return to tills problem later in t.ie applications unit. 

A *- 

Exercises 

X) If the ratio of A to B is 2 to 3 and the rata ^ of n to . s 5 to 
find the ration of A to C a, id AUC to B. St up diagrams as in the 

earlier problems . 

2) if A is a subset of B and the ratio of A to B is 2 to 5, suppose C 

is the rest of B that is not -A. Find the ratio of 0 to A and AOC 

to B. Draw ding ran. 

3) A grandfather owned 7/8 of the stock in a company. He has 3 sons and one 

son hod 2 sons. Suppose all share equally. Uow much of the stoc*c did ono 

inherit? Bet up ratios and diagrams (if necessary). 



grancson 



s 



4) Take a small square piece of paper and estimate the circa of a rectangular 
table top by the method suggested above. Find the ratio of one column of 
squares to one square and the ratio of the table top 1.u one column of squares. 
Then find the ratio of the table top to the square. (If you take an ordinary 
sheet of paper, you can make an 8-1/2” x 8-1/2” square, whicn has the 
approximate ratio to one foot of 4 to 9. Hence yoi could estimate the 
number of square feet in the table top.) 
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Unit 4. From Ratios to Rational Nan >grs 



4.0 Rational Numbers 



After years of counting sets, man developed the arithmetic of whole 
numbers to make the counting and combining of large sets much easier to do. Long 
practice cf counting 2 groups of 3 things each for a Jotal of 6 led to the 
shorthand 2x3 s 6. Similar "shorthand" work Isd to the arithmetic we now 
consider so functional in everyday life that we rarely think "behind" any of the 
simple algorithms we uj-j to compute. But it is vei^ Linpo/tant .:uat children 
be led vluvugh a dc eiujo.iont of the algorithms of whole tv, nbers that shows their 
efficiency in a meaningful way* Just as we develop tne c ;,nputawional work in 
whole numbers out of counting, so we will develop a computational scheme for our 
ratio computations which we developed in the previous uni;. In order to do this, 
we first need to have a set of numbers and operations on t.iese numbers. 

What should be our new numbers? W® want something to stand in place 
of a ratio. A ratio was the set of one-to-one correspondences that could be 
made between two finite sets. Since our numbers must be g eneral and apply to 
many different situations, to be valuable, we must generalize cur Idea of ratio. 

We saw that the ratio of A to B might bo the set of correspondences 
|x/o, 2/4, 3/6, 6/l2\. We were limited by the actual number of elements in A 
and B. If we doubled the sines of A and B, forming the sets A T and B’, 
we would increase the number of possible correspondences. In fnet, we would then 
have [l/2, 2/4, 3/6, 6/12, 4/8, 12 / 24 V If we tripled the sizes of A and B, 
we would increase again the number of correspondences. 

We will consider this situation more carefully. We will also attempt 
to deal with it more abstractly. Remember we called any symbol of the form a/b. 
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where b is not vero, a fraction . Notice that a ratio w named by a set of 
fractions and that a correspondence is named by a fraction Nov? we will say that 
two fractions are equivalent if they name two correspondences that can be made 
between the same pair of sets. In our case above we can say 1/2 is equivalent 
to 6/12 (we write 1/2 ® 6/12) because they name two correspondences between 
A and Bj similarly 1/2 is equivalent to 12/24 (1/2 13 12/24) , because they 
name two correspondences between A r and B’. What about 1/2 and, say, 16/32? 

We sense that they should be equivalent, that is, we feel that r/2 - 16/32. 

We must find two sets with these correspondences . Let 0 have 16 elements 
and D have 32 elements. Then we have both a 1/2 correspondence and a 
16/32 correspondence. So, indeed, we have two sets, C and D, and two correspondences 
between them named by 1/2 and 16/32, so 1/2 «= 16/32. 

So our set of correspondences fl/2, 2/4, 3/6, 6/12} can be enlarged $ 
if we write down the set of fractions equivalent to 1/2. We have, in this enlarged 
set £l/2, 2/4, 3/6, 4/8, 5/10, 6/12, . . ., 100/200, . . . 500/1000, , . ?) . This 
"enlarged” ratio we will call a r ational number. Wo will name it by using any 
fraction in it, say 1/2 or 5/10. We will usual!” use 401 e frrr+*f"n ,n or th? 
simple correspondence, in this case 1/2. So we have the rational number 1/2: 

1/2 « £l/2, *2/4, 3/6, . . ., 50/100, . . ?] . 

We can now refer to the rational number 1/2 in the same manner we referred to 
the ratio 1 to 2 earlier. Remember that rational number is an extended idea 

MimtilWMtMi W tfWWh KIHWHMmW »•****■ 

of ratio. So that for any ratio situation we have a specific rational number. 

Suppose wo want to talk about the rational nuti'm*, 5/7, then we are 
thinking of the fraction names for all of the correspondents that can be made 
between any two sets that have the correspondence 5/7, such as 10/14, 15/21, 

50/70, etc. So 5/7 » 1 5/7, 10/14, 15/21, . . 50/70, . . . 7 j . 
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4.1 Multiplication of Rational Numbers 

Now our problems vie had in Unit 8 can be translated into rational number 
problems. For example, 




was a situation where we obtained the ratio 3 to 5 from the ratios 3 to 
4 and 4 to 5. Mow we see that this translates into obtaining the rational 
number 3/5 from the rational numbers 3/4 and 4/5. We worked the previous 
ratio problem by considering our correspondences; we want to work the rational 
number problem by using the fractions which name the correspondences. The situation 
above gives us a rational number from two rational numbers; that is, wo have an 
operation on rational numbers. We will call it multiplic ation. In general, 

B 




V/3 5520 that a/b an." b'c* give? c/o . So v;*s have that t» j multiplication of 
o/b and b/c (write a/b x b/c) is a/c (write a/b x b/c :fl u/c). So our first 
example becomes 

3/4 x 4/5 - 3/5. 

We see with little difficulty that 3/2 x 2/7 « 3/7 and 3/11 x 11/4 « 3/4. 

(Just think of the associated correspondences and draw a uligram.) 

Suppose we have rational numbers 3/4 and 1/2 and wish to multiply 
them. What is the answer? We look to this ratio problem nr the answers 
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To solve this problem, wo had to consider another correspondence from B to 
C, namely, 4/8. Then from 8/4 and 4/0 we obtained 3/8 as the nev? coriespondence 
from A to C and so 3 to 8 was the new ratio. 

We follow the same algorithm in rational numbers. Thus 3/4 x 1/2 
becomes 3/4 x 4/0 or 0/8 by writing a different name- for the rational number 
1/2. Since any fraction in a rational number can be used to name it, this is 
perfectly all right. We change fractions, as necessary, to obtain the form 

a/b x b/c and we know the ansv/er is a/c. 

Now we would like a neat computational rule for multiplying any two 



rational numbers a/b and c/d. We go back to oar cca* .•pontionces and notice 
one more fact. If given the correspondence 2/3 we car. get the name of an 
equivalent correspondence (an equivalent fraction) by mrUiolvin* the numerator 
and denominator by the same number. That is, we have * 1,r * oqu .valent 

fraction to 2/3. This is so because | ~" f c | and if ws have a set A of 6 

objects and a set B of 9 objects, we have clearly a 5/9 correspondence 

and by grouping we have: 

- AhSj) (O 

| 1 1 i 

Bs {& & <&) 

So we have 2/3 and t~~t equivalent fractions. Given a/b we see tnat 



5lJL.I 1 an equivalent fraction by considering 
bxn ’ 




""'s. 



3 

b 



s* a object s_ 

a: ^rrr^ ) ... o) 

^ *L 

B : jfo . . . • • • <CjL ZZLfJ^ 

b objects 

an 



an . obje cts 






We have both correspondences a/b and from A to 3 so v?o have equivalent 



fractions a/b and 



an 

bn 



a 



B: 0 • ♦ • J &, 

bn objects 



Now our general problem of a/b x c/d can be ms were ‘l by replacing 

axe 
b x c 



g jj C 

a/b and c/d by the proper equivalent fractions , namely a/b * ! trrrt* and 



c/d 



b x c 



b x d 



50 



b x d 



axe b x c „ a x c 

bxc b x, d Bxd 



3 X C 

a hat is, in brief, the multiplication of a/b x c/d is the rational number 
So if given 3/4 x 1/2 we see that we can write 



3 13x1 4x1. 3x1 

... ^ in _ _ * r2S - 



«*• 4M ** MKiwi .•■ •» m Mb* £& I« r C2 ^ * S3 ^> Mtw w n w CS 



42 4x14x2 4x2 8 

and if given 1/8 x 3/4 we can write 



3 1„3j: 1 c 3 

4 x 2 4 x 2 8 



1 3 

8 x 4 



1 x 3 8 x 3 

8 x 3 * 8 x 4 



1x3 3 tr, in brief, 

8x4 32 

1 3 c 1 X 3 ... 3 

8 x 4 8 x 4 32 

You will see that this is exactly what was done to obtain the answer 
to some of the ratio problems in Unit 3. 

Nov? the rrob7em 




can be quickly solvocl, 3/4 x 1/2 “3/8. So we have an efficient computation for 
our previous problem situations, if we use our new operation on rational numbers 
(Reread Section 4.0.) 

Exercises 

1) Multiply: 1/2 x 3/1, 2/3 x 7/2, 1/3 x 3/4, 2/3 x 1/3; use the rule 

r./b 



** 1% / a cn; ^ 



2) Go back to Unit 3 and pick out problems like A . 

/ * «• ^ UjlwWOM kJWt Y 

by multiplying. 

3) Solve the area problems in Unit 3 by multiplying. 



G and solve 

i 



me 



4) If there are 3 girls for every 4 men and 4 men for every 7 boys, find 
the ratio of girls to boys by multiplying. 

5) Solve 2/3 xD“ 7/8 by going back to a ratio diagram. 



4.2 Addition of national Numbers 

I Him H 

Now we will look at another operation on rational nur.bors that comes from 
our ratio work. Consider the situation 



A AUB B 



\ 



4/3 




where we consider the union of the sets A arid B. UemeT.oar, we obtained a new 
ratio (5 to 3) from the given ratios 4 to 3 and 1 to 3. This problem 
suggests that the rational number 5/3 can be obtained 4/3 and 1/3. 

We see that multiplication would give 4/3 x 1/3 *= 4/9, so apparently we have 
another operation for rational numbers. The use of union of sets suggests we 
call this operation addition, and we will use the si yn Uj r : ' !*» v— it? 1/3 4 1/3 ~ 

*' rKnmtiUtvi. ’ 

r | r ^ 

Our past work with ratio problems suggests the rule b/a 2 o/a 63 **~ ~" ; * . So 
we adopt this rule and say that the addition of the ratio ;.:\i numbers b/a and 

the sr a of b/a and c/a. 

We can say that 2/5 4- C/5 83 8/5 and 1/4 4 7/4 » 3/4 l ~ 2/1. 

Now what about 3/4 + 2/3? We want a fraction tor their sum. Consider 



c/a is the rational number — We call 

a 



b + c 



ci 



the associated situation using correspondences: 
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What did wo do in our ratio problems? Wo used new correspondences that we knew 
could be made, namely 3/4 * 9/12 and 2/3 • 8/12. Wien our problem was solved 




8/12 



and the ratio of C to AUB was 17 to 12. So we f "‘'.low the same pattern 
and replace our fractions by equivalent fractions so as to have the form b/a * c/a. 

3/4 * 2/3 - 9/12 + 8/12 ■ 17/12 

We can do this because any tract i on in the rational numb can name it. 

Another example is 

2/5 + 1/4 8/20 + 5/20 53 13/20. 

This suggests a brief computational form again: 

/t , a x d . b x c a x d + b x c 

a/b + c/d » v — ^ b x ‘d 

Exercises, 

1) Add: 1/2 * 3/2, 4/6 + 1/6, 7/3 * 1/2, 1/7 v 1/3, «.*y thy ru-.es given 

above. Draw ratio diagrams for the 2nd and 3rd problem to review the connection. 



A 

2) Go back to Unit 3 and work the problems of form \ 
by addition. 



s. 



AO 3 






/ 



/ 



B 



3) If there are 3 girls for every 4 men and 7 boys: ior every 4 men, 

find the ratio of children to men by addition of the rational numbers involved. 

4) Solve 2/3 + 0 ~ 7/4 by going back to a ratio diagram. 

We have obtained two operations on our now nun; ; *srs by working from our 
rat I o problem of Unit 3 and applying our extended ratio ideas (rat.Lt not numbers) 
to them. Remember, the set of rational numbers and their brief computational 



o 



i 



* 






forms were developed in order to make easier the work involved in solving the 
kinds of problems we found in Unit 3. The purpose was to become more efficient . 



exactly as the whole number algorithms 



are more efficient than counting. 
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Unit 5. Some Special Ration al Numbers 



5 . 0 Intr oductio n 

. We have seen that rational numbers are a natural extrusion of our ideas 
on ratio. Ones we have established a set of numbers and operations on those 
numbers, we next want to investigate to see if any of the numbers have "special” 
properties. You will recall that, in the whole number system, 0 and 1 play 
important roles as identities , that is, for any whole number w, w 4* o « w and 
w • 1 “ w. We would like to find some similarities in our set of rational 
numbers. We would like this new set of numbers to have some mathematical 
properties that would make it a number system. 

5.1 Identities and Inverses 

r ui' w um m t m <*— — » »>i *A~m**m m ~* » f** m ** m 

Given any rational number a/b, we want to find a rational number which 



when multiplied with a/b gives a/b. We have f- x -• » , and we would like 

d y uy 

ax 83 a + by *» b to be true. If x ia 1 and y » 1 we have -not we wish; so 
a 3. a • 1 si 3 

b X ** bTT'T 155 b 5 30 f ac ^ s as an identit y £° r rational number multiplication. 

Remember that ~ “ fl/3., 2/2, 3/3, 4/4, 5/5, . . .] wbor". 5/5, for example, is 

a fraction for a correspondence. We could also show that there is no ether 

rational number except 1/1 which has this property. 

We would also like to find a rational number that is an additive 

identity. We want some j~ so that for every j~, f 4 ‘ f s ‘ § • Now by our 

addition rule p 4* ~ , so a + x s a is required* Now in whole 

numbers, x 88 0 is a solution. So we are lead to consider os an identity 

0 

element. Our first question is; Is r* a rational number? 

o 

What is the meaning of 0/b in a correspondence? It says we have a 
one-to-one correspondence between two sets A and B where groups of 0 elements 



o 
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as 



each in A are matched with groups of b elements each in B. Since we under- 
stand all the groups to be of equal size, this requires A to bo the empty set. 
Although there would be no physical example for this situation, we can see that 
it is an extension of our earlier ideas of correspondence - Since we would like 
our system to have a "zero' 1 element in it, and since the use of the fraction j~ 
leads to no contradiction, we accept 0/1 53 £o/l, 0/2, G/'i, . . . 0/b 3 . . .J- 
a rational number. 

However, we have just introduced a problem also. Before we saw that 

any a/b correspondence had an inverse correspondence c ; ; b/a. Is the inverse 

c 

of 0/1, namely 1/0, a correspondence, and it 1/0 « {1/0, 2/0, 3/0, . . . , 
b/0, . . a rational number? First of all, 1/0 is as good a correspondence 
as 0/1 since we merely can consider reversing the arrows in any 0/1 diagram. 

So we consider 1/0 as a rational number candidate. Bui we have problems 
immediately. Suppose we wish to find 2/3 + 1/0. Ilerur ling to our correspondences 
which motivated cur definition of addition, we find that in no way can wo have 
a solution for this situation* 




1/0 



since 1/0 requires A to be empty and 2/3 requires it to be non-empty. So 
1/0 gives us trouble. But even if we abandon our correspondences and just follow 
the addition definition we have 

2/3 * 1/0 « 3/0 » 1/0 and also 

1/2 + 1/0 2/0 « 1 / 0 . 

So we are led ’ to believe 2/3 « 1/2, which is not no. fin we must abandon 1/0 
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as a rational number. We can show* in fact, that 0/1 in the only rational 
number with no inverse in the sense of inverse correspondences . 

We now have all of the rational numbers we can form oat of the whole 
number system. Any set of equivalent fractions of form b where a and b 
ere whole numbers and b l f 0 is a ratit-v.r.1 intuber. Wo a "o ca i nu; cay that 
0/1 is the additive identity for rational numbers; that is, a/b t 0/1 = a/b for 
any a/b. 

We can also observe that our inverse ratios and hence inverse rational 
numbers have an interesting property that whole numbers do not have. Given a 
whole number, say 5, we know that 5 • 1=5 and also that no whole number 
multiplied by 5 will give 1. But given a rational number a/b, a i 0, 
we have a/b x 1/1 ® a/b and also we have a unique i nverse of a/b, namely b/a. 






- L 1 U '* 



and a/b x b/a ** hb/nu 1/1. Wo Lave way of u.u".t ).piyi i 

We call b/a the multiplicative inverse of a/b. Knowing such a rational number 

allows us to solve equations we cannot similarly solve in whole numbers. We 
cannot solve 3x « 7 in whole numbers, b^t a similar rntion.nl number problem, 

3/5 x X = 7/4 can be solved, for (5/3 x 3/5) xX s 5/3 7/4 or 1/1 x X « 35/12 

or X “ 35/12. So we see that in a real sense we have more that we can do in the 

^ -r*nrvn 

set of rational numbers. 

5.2 Rational Numbers and Whole Numbers 

wl w» 1 mrn k m m t mrnrnmm ■*« ■» m 

Now we can return to our ideas of cct nting and 'Look at it from a 

different point of view. If we say we have 6 apples, or 5 quirts of water, 

or 3 pints of strawberries, we are, in each case, comparing our amount to some 
understood unit. When we say we have 6 apples, we mean we are using 1 apple 
as a basic unit. So we have a disguised ratio situation, namely® the ratio of 

our amount to one apple is 6/1. Similarly 5 quarts of water can be viewed: 

the ratio of this amount of water to one quart is * pints of strawberries 

becomes the ratio of this amount of strawberries to one pint, namely, 3/1. 
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Thus in this way any wh ole .lumber may be ’’extended” aid viewed as a 
ratio. Hence a whole number* a can be associated with the rational number a/1* 

This association would be stronger if our operations agree also. We see that 
3 t 2 ® 5 is associated with 5/1 and 3/1 4 2/1 * 5/1. Also J * 2 * 6 is 
associated with 6/1 and that 3/1 x 2/1 » 6/1. So we see that any whole 
number problem in addition or multiplication cn be translated * 'to n rational 
number problem and still obtain the same results. It is just this fact that 
allows us to be ’‘careless” in mixing whole number and rational number arithmetic. 

Consider, for example, the ’’computation”, 3 x 1/2; since we have 2 
different number systems represented our ordinary rules don’t really apply. 

Suppose we forget this for the moment. We can translate ”3 x 1/2” into a whole 
number situation, or ’’repeated additions”; i.e., 3 4 1/2 n 1/2 4 1/2 4 1/2 K 3/2. 

Or we can translate ”3 x 1/2” into a rational number problem, 3 :: 1/2 * 3/1 x 1/2 13 3 2. 
We obtain the same answer in cither cose. Here is a second example : ”3 4 1/3.” 

As a whole number sum this has no meaning, but as a rational number sura: 3 4 1/3 « 

3/1 4 1/3 13 10/3. A third more complex situation is 3 x (2 4 1/4). As a rational 
number this is, 3/1 x (2/1 + 1/4) ~ 3/1 x (9/4) K 27/4* As whole number ideas 
we have: 3 x (2 4 1/4) Cl 2 4 1/4 4 2 4 1/4 4 2 4 1, 4 r>! o 4 3/4; as in the 
second example we can have 6 4 3/4 K 24/4 4 3/4 * 27/4. So they are the same. 

In fact, generally speaking, one can do -'-he c/ :ve “intermixing” 
whole number *md rational number arithmetic operations (because of the way they 
were defined) and be led to no ’’wrong" answers. However, such action would be 
done wisely onlj/ as an added feature and should not be given as the standard form 
for the operation. 

In the physical world the preceding ’’blending” of whole numbers and 
rational numbers is sometimes disastrous in attempting to solve real world problems. 

For verbal problem work it is essential to maintain the distinction to clarify 



problem situations. The situation of the whole number 3 multiplied with the 
rational number 2/3 never occurs in the real world according to our physical 
understandings about correspondences which served as models for our rational 
numbers. Some problems may be thought of as whole number prob'lei s as well as 
rational number p^ulaer.r., but not as a mixture of the two* In the unit to follow 
on applications only rational number situations will be considered, but we will 
see where many problems could be equally solved by whole number methods. 
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Unit 6. Applications 
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6 . 0 Introduction 

In the preceding units we have developed the concepts of ratio and 
correspondence in physical ?nr, rr* r ■ " * * . ' . t S\. I 

set of rational numbers and operations on this new set c : numbe -o. In this unit 
we wish to bring to bear all of our preceding work on the solution of various 
types of practical applications. Some of these problem types occur in regular 
junior high school texts. Some will simply illustrate how the correspondence 
notion can clarify regular rational number problem types. 

6 . 1 Area of Rectangles 

First, we have some unfinished business to cc.i rider. In Unit 2, 



we introduced and worked with areas of rectangles by means of correspondences 



We can now finish this area problem- Recall, given a re .tangle and a standard 
unit of area measure, that we computed the area by form! g two correspondences: 
total rectangle to one column and one column to unit area. We may have had, for 




14/3 



Total Rectangle 




-*,0ne Unit 



/ 



4/3 



One Column 

so we say that the area of the rectangle is 14/3 square units, 
definition of multiplication of rational numbers we can nay that 
is the rational number corresponding to the area of the rectangle, 
loosely, that 14/3 is the number of square units of area. 



According to our 
7/2 x 4/3 « 14/ 
Or* more 



Consider this diagram: 






1 







Thn square unit of r.ren 9 sav one sqtinro inch, has m '■'dgr of on.' linr.r.r unit, in 
this case one inch * Nt.» we observe that in one column there are 4 square units 
and also that, of course, the height of the column is 4 linear units* Similarly* 
the ratio of the total rectangle to one column (vMch essentially is a measure 
of f, how many” columns) is 13 to 2 and that the ratio of the length of the 
rectangle to one linear unit is also 13 to 2. Whereas before we considered 
two ratios 4 to 1, followed by 13 to 2, wc can now consider the two rafcimal 
numbers 13/2 and 4/1 and can think of them as measuring the length of the 
rectangle and the height (or width) of the rectangle. The rational number 
operation used is multiplication; so the area is 13/2 x 4/1 fa 26/1 square 
units. So the product of the rational number of the length of the rectangle (1) 
and the rational number of the height (or width) (w), namely 1 x w, is the 
rational number of the area or the rectangle, where wc uaaoratawZ that square 
units must be used* Hence, the shortcut formula for area: A “ 1 x w* 

Let us do another example of area ; retracing step. Stmpc*e vr 

are told that the romtrrgle has a length of 7/3 inches r:.d a height y£ 15/2 
inches* We can infer from this that we have an area' of 7/3 x 13/2 square inches 
or 105/6 square inches. Retracing our previous argument we further infer that 
the ratio of the total rectangle to one column was 7 to 3 and that the ratio 

o of one column to one square inch was 15 to 2. So, by diagram, 

ERIC 



Total Rectangle 



105/45 « Hi 



105/6 




One Square Inch 

t 

15/2 * 45 '6 



One Column' 



and the ratio of Rectangle to One Square Inch was 105 to 6. 

Again we see that rational number multiplication gives us an easy way 
to compute the area of a rectangle* It is also important to remember that if we 
consider only the "product of length and width" argument to obtain a number,, then 
we lose the essential nature of the problem* This it tho problem witn all 
computational short-cuts; they always give easy answers, out oiren the sense, of 
the problem is lost* thus it is important to keep the idea of uie. xajtio of Total 
Area to one square unit of area in the foreground as tho meanir.; of ' area* 

We will see more examples of the distinction between meaning (c:.* understanding) 
of the situation and the computation of the answer* 

6.2 Proportion and a Rule 

'It is common to include with ratio the concept of a proporti on. Since 
many texts use the two terms frequently, we should be clear on their 
meaning in the context of these units. A problem will introduce the idea* 






. y j 



If John receives 3 of every 5 apples and there are npj 
does John receive? A "standard" solution is to svy, "£• ^ tho crop option, 3/5 « 
tvil /25, and solve* 11 The answer is, of course, 15 apples* How should we view the 
idea of proportion in the light of our previous discussions? What is 3/5? 

Isn’t it a correspondence from John’s apples to the total number of apples? 

What would 0/25 be then? That’s right, another correspondence from John’s 
apples to total apples* Sc this proportion apparently asserts: "find 0 so 

that 0/25 and 3/5 are twq correspondences for the same ratio." (Or translatin 
into rational number language, we can also say, "0/25 and 3/5 are tr actio is 



f 
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for the same rational number.) Hence, to say two fractions are in proportion is 

to say that they ore equivalent, or to say two correspondences nre in proportion 

means that they are in the same ratio . 

Now how would wo 'solve” 3/5 * fn} / 25? Here we can "sec” that the 

answer is 15. To be more explicit, we can write an equivalent fraction to 3/5 

3 !jc in 

by multiplying the numerator and denominator by the same number s 0 •g- r. —r is 



t> x m 



3x5 



any equivalent fraction to 3/5. If m * 5, then we ha ,J c £”1* * 3/5 * [n )/ 25 
or 15/25 «° [nJ/25, Now, from our knowledge of correspondences we can assert 
that £n) must be 15. So we apparently have a rule that requires changing the 
denominators (or numerators) so they are the same number. Then the numerators 
(or denominators) must name the same number also. So if a/b 53 c/d, then 
ad/bd B bc/bd and we can say ad K be. Also if ad 53 be, then ad/bd » bc/bd 
or a/b e c/d. So we have the rules a/b 13 c/d moans the same as ad “ be. 

**.,*M».»* DMWMMWW 

Or, in words, ”a/b and c/d are in proportion” means the same as ”ad ro be.” 

This rule allows us to check whether any stated proportion is true. For example, 
is 3/4 R 9/16 true? Does 3 x 16 ** 4 x 9? No! So the proportion is false. 
Suppose we have 3/4 ** 36/48. Is this true? Is 3 x 4? c 4 x 86 true? Yes! 

So it iz a true proportion. We can make frequent u*e oi ihece ideas .hi the probi 
<lou.li.ng with j •:;uportxo;.s . 

6 . 3 Sample Ratio Pro b lems From Textbooks 

It would be much too lengthy a project to attempt to cover most of 
the problems found in current texts. Instead, we will consider a selection of 
three of the most common types and discuss them. We will first consider each 
type by solving a typical member of the type. 

I) ”F:ind the ratio of 2 pounds to 6 ounces.” What is called 
for here is clear. A diagram will make it even clearer: 



”2 pounds” 

32/16 * 2/1 



1 pound 



1 ounce 



1/6 



”6 ounces” 
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16/1 



and our past work says that m have 






"2 pounds'* „ 1 ounce "6 ounces" 

32/ 1 ' l/6 * 

So the ratio of 2 pounds to 6 ounces is 32 to 6 or 16 to 3. A 

common approach to this px’oblem is to "change" 2 pounds to 32 ounces (to 

make "the units the same"). This amounts to forming a ratio in itself. Hov/ever, 

i 

note that this type diagrams easily and involves little of difficulty after 
that. We may apply rational numbers now by multiplying in a similar fashion 
the associated rational number, (2/1 x 16/1) x 1/6, which gives the rational 
number 16/3. 

Consider another sample of the same type: Find the ratio of 36 

yards to 48 feet. We diagram: 

"36 yards" .. one yard % one foot "48 feet" 

17T 9 371 ' U48 * 

which yields 

"36 yards" one yard ^ "48 feet" 

36 y Y / 3?48 ® ~l7l6 

so the ratio- of 36 yards to 48 feet is 36 to 16 or 9 to 4. 

Exercises 

(Please draw rliagrams for each of these problems.) 

1) Find the ratio of 3 inches to 4 feet. 

2) Find the ratio of 6 gallons to 4 pints. 

3) Find the ratio of 2 rods to 11 inches. (1 roc. K 16-1/2 feet) 

4) Find the ratio of 3 quarts to 5 pints. 

5) Find the ratio of the capacity of a pail to 3 pints if the ratio of the pail 
to 2 quarts is 5 to 2. 

6) Find the ratio of capacity of pail A to pail B if the ratio of 3 gallons 

to pail A is 3 to 7 and the ratio of pail B to 1 quart is 9 to 2. 




II) ”80% of the class were present, that is* 16 were present. How 
many people are in the class? 11 This is a typical percentage problem. It translates 
into the same problem type above* 80% of the class present is a disguised ratio? 
that is, the ratio of those present to the total class was 80 to 1.00 or 4 
to 5. We have 4/5 w 16/ n; and since Jp“| ® ^ *“ ^ we see ^0 were 

in the class. Normally for any percent problem, changing the percent form of a 
ratio to our standard form obviates the problem. This is, x% names the ratio x 
to 100. 

Another example: "%% of the tomato plant a grew; had set out 30 

plants; how many grew?” The ratio of plants that grew to total plants is 70 
to 100 or 7 to 10, or 21 to 30 so 21 plants grew out of 30. 

Here is an example of the third type of percent problem: ”John made 

8 baskets out of 32 baskets tried in a basketball game. What was his percent 

of baskets made?” We have the ratio given 8 to 32 or 1 to 4 and we seek 

the percent, that is, the ratio name with 3,00 for a second number. If 1 to 

4 is the ratio, another name would be 1 x 25 to 4 x 25 or 25 to 100 or 
25%. So John made 25% of the baskets. The percent name for a ratio is a poor 
one from our point of view since it suggests that correspondences of the form x 
to 100 can be made; where in reality, as in the last problem, John only attempted 
32 baskets. We can say that if we can group by 100’s, then the corresponding 



groups will have sise x. 



Exercises 



1) John sold 75% of his papers; he started with 60 papers; h-w many did ho sell? 

2) Mike lost 60% of his marbles; he had only 20 left; how r/.v.ny did he have 
before he lost any? 

3) Mary made 3 out of every 15 cookies shaped like bells; what percent of the 
cookies were bell-shaped? 

4) Henry found that the interest on his savings account was $130 for the year. Ho 
knew the bank paid 4% interest. How much was his principal at the beginning 
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of the year? 



i 




6 • 4 P roblems Us in g National Numbers 



A common problem type is one which involves a simple multiplication or 
division of rational numbers. Such a problem could be: The Jones family spends 

3 / 3.0 of its income for food ; if their annual income war. $5200 , how much did they 
Spend on food for the year? We would normally say: ’’Well multiply l u Thus the 

student may produce the answer in this way: ” 3/50 x 5200/1 ** 15600/10 * 1560 / 1 . 

$ 1560 .” But he may very well fail to understand what is involved. Suppose we 
set up a diagram to illustrate the situation: 




We wish to discover the ratio from the part of the income to dollars. We discover 
the ratio is 1560 to 1 so we say they spent $1560 for food. Consider the 
much harder problem for students: ”The Smith family spends 3/10 of its income 

for food; the last year’s food costs were $1275 ; what was the total income? 

Again by diagram: 




Mow we see that, b£ our past work , that we can change the diagram by considering th- 
inverse ratio of whole to part: 



and hence our answer is 




So the income was $4250. 




h 



* 

t 



r “ 8 ** 

By drawing the diagrams and thinking in terms of ratios between sets, the student 
can eliminate the guesswork involved. Hence he can introduce an element of 
concreteness into his work. A similar example would be: ’’Sue cut off 3/4 of 

the length of ribbon; she measured the part cut off and found it was 25-1/2 feet 
long; how long was the total ribbon?” We understand that we are to find the 
ratio of the length of the ribbon to one foot. By a diagram we have: (Remember, 

25-1/2 feet indicates a ratio of 51 to 2) : 




So we have by taking the inverse of the 3/4 correspondence: 




was 34 feet long; that is, the ratio of the length of ribbon to one foot was 
34 to 1. 



Exercises 

(In each case, work by diagrams rather than by other methods.) 

1) Jim spent 3/4 of his money for the baseball game, he had only $6.40 when 
he started from home. How much did he have left? 

2) Marilyn had cut off 6-1/4 feet of ribbon from the roll. The whole roll was 
supposed to have 25 feet in it. What percent had she cut off? 

3) Tom paid $2.50 for 1/3 qf the roll of wire- If the roll contains 180 feet 
of wire, how much did one foot of wire cost? 

4) Mike budgeted 2/5 of his paper route money for buying a bicycle. He earns 
$3.50 every week. How man}' weeks will it take to buy a $42.00 bicycle? 




